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Abstract. The arithmetic of the equation aixf + a 2 x% + 0,32:3 = is 
considered for d ^ 2, with the outcome that the set of coefficients for 
which the equation admits a non-zero integer solution is shown to have 
density zero. 



1. Introduction 

Let d £ N. The purpose of this short note is to discuss the locus of 
rational points C^(Q) on the Fermat curves 

C d : aixf + a 2 x\ + a 3 xf = (1) 

in P 2 , for given a = (01,02,03) G 1? . Our main goal is to show that a 
random such curve does not possess a rational point for d > 1. However, 
we will also discuss the number of solutions when Cd(Q) 7^ 0, and briefly 
consider the analogous problem in higher dimension. 

Throughout our work we will allow i,j, k to denote distinct elements from 
the set {1,2,3}. For any H ^ 1, let Nd(H) denote the number of a € 1? 
with |oj| ^ H, for which Cd(Q) 7^ 0- The following is our main result. 

Theorem 1. We have 

H 3 



N d (H) « 



(logfl^WT 

where if (j> denotes Euler's totient function then 

All of the implied constants in our work are allowed to depend at most 
upon d. In the case d = 2 of conies, Theorem [T] yields 

N 2 (H) « ——— -3-. 

(log H) 3 

This retrieves an earlier result of Serre [7]. In fact Guo [3] has established an 
asymptotic formula for the corresponding quantity in which the coefficients 
a, are restricted to be odd, with 010203 square-free. In the case of additive 
cubics our result implies that 

H 3 

N 3 (H) « — - . 

log if 
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This provides a partial answer to a question raised by Poonen and Voloch 
[6]: does a random cubic curve in P 2 that is defined over Q possess a du- 
rational point? The proof of Theorem [1] will be established in £}2] using the 
large sieve inequality, as pioneered by Serre [7] in the case d = 2. 

It is natural to ask what happens for additive equations in more than 
three variables. For given d € N and H ^ 1, let Md(H) denote the number 
of a € Z 4 with |oj| ^ H, for which the equation 



is everywhere locally soluble. The following inequality will be proved in £|3l 
Theorem 2. We have 



Theorem [2] provides an additive analogue of a result due to Poonen and 
Voloch [6j Theorem 3.6]. The latter establishes that a positive proportion of 
all hypersurfaces in p n_1 of degree d that are defined over Q are everywhere 
locally soluble, provided that n — 1, d ^ 2 and (n, d) ^ (3, 2). 

Returning to the setting of ternary forms, let us now consider the problem 
of describing Cd(Q) when it is non-empty. When d is sufficiently large, it 
has been conjectured by Granville [2\ on the basis of a generalised version 
of the a&c-conjecture, that the curve ([1]) never has any non-trivial rational 
points. While Faltings' proof of the Mordell conjecture ensures that there 
are only finitely many rational points for each d ^ 4, it is notoriously difficult 
to achieve an effective bound for the total number of solutions in terms of 
the coefficients a\ , 02 , 03 • The following result deals with the much simpler 
scenario in which one restricts attention to rational points of bounded height 
on the curve. 

Theorem 3. Let d ^ 2 and let a £ Z 3 have pairwise coprime non-zero 
components. Then we have 



where H : P 2 (Q) — > M^o is the usual exponential height function. 

Theorem [3] will be established in £jU It generalises a result due to Heath- 
Brown [U Theorem 2] which deals with the case d = 2. Theorem [3] is 
susceptible to improvement in a number of obvious directions. Firstly it 
would be easy to extend this result to counting rational points whose co- 
ordinates are constrained to lie in lopsided boxes, rather than in a cube. 
Secondly, at the expense of weakening the dependence of the estimate on 
oi> «2i «3, the exponent of B can be improved substantially. We will not pur- 
sue either of these lines of enquiry here, however. Theorem [3] can be used to 
provide some simple-minded evidence for the expected paucity of rational 
points on (JT|) . Thus when 01,02,03 are arbitrary integers, it follows from 
this result that there are only 0{d UJ ( aia2a '^) points in Cd(Q) with height at 
most |ai0203| 2 ^ 3 ^. Thus if there are many rational points then their height 
must be large compared to the height of the defining form. 
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2. The large sieve 

For any H ^ 1 we let N%(H) be denned as for N d (H) but with the 
extra hypotheses that 010203 7^ and gcd(oi, 02, 03) = 1. We will say that 
an integer a G N is d-free if v < d whenever p u \ a. For H{ ^ 1 we let 
_/V^*(H) denote the number of d-free triples a G 1? with < |aj| ^ Hi 
and gcd(ai, 02, 03) = 1, such that Cd(Q) 7^ 0. We will use the large sieve 
inequality to show that 

W « 0) 

for any z ^ 1, where ?/>(d) is given in the statement of Theorem [IJ 

Let us begin by seeing how this suffices for the statement of Theorem [TJ 
Now it is clear that 



N d (H)=^NKk- 1 H) + 0(H 2 



whence it certainly suffices to establish the theorem for N^(H) in place of 
Nd(H). We now write Oj = Uivf in the definition of N^(H), with each m 
being d-free and v, > 0. It follows that 

N* d (H)= £ N d*(H-l 

where H has components Hi := H/vf. Let us break the summation over 
v G N 3 into two set S\(H) U 82(H), where S\(H) denotes the set of vectors 
for which one of the components is bigger than (logH) 3 ' WW), and 82(H) 
denotes the remainder. It is trivial to see that 

£ JVT(H)< £ #{u€Z 3 :h|^}«tf 3 £ -J* 
veSjCff) veSi(H) veSi(ff) 1 2 3 

tf 3 



(log 

which is satisfactory. Turning to the contribution from the set 82(H), we 
deduce from ((2J) that 

E ^<h)« E "fcy . 

for any z ^ 1. Since < (log tff/WM) , so it follows that 

^ > » !. 

t>"t>2 u 3 

for 3> 1. Taking 2 = H x l 2 (v \V2V^~ d l' 1 therefore yields 

H 3 1 3 



v ^ - — - (log tf)^) v£ ^ h ) (log 
This completes the deduction of Theorem [Q subject to ([2]). 
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We now proceed with the proof of ([2]). Let p > 2 and let Rd(p) denote 
the number of a £ F* for which there is a solution of the congruence 

x d = a (mod p). 

It is an easy exercise in elementary number theory (see §4.2], for example) 
to show that 

Rdip) = .f," 1 TV (3) 
gcd(d,p-l) 

We will be interested in the set of a £ F 3 which arise as images of the points 
counted by iVJ*(H). We denote the cardinality of such a £ F 3 by p 3 — r(p), 
where r(p) denotes the number of vectors in F 3 that are excluded. 

We seek a good lower bound for r(p), still under the assumption that 
p > 2. Let a £ F 3 be such that p \ en and p \ aja^. Then for fixed aj £ F* 
there are exactly Rd(p) values of for which the congruence 

oijXj + akxf. = (mod p) 

has solutions with p \ XjXk- For the remaining vectors with p \ ai and 
p\ ajdk, the only solution to the above congruence has p | gcd(xj,x&). But 
then the condition C d (Q) ^ in iV|*(H) implies that 

ciixf = (modp d ), 

for some Xi E Z which is coprime to p. This is impossible since aj is <i-free. 
Employing ([3]) this therefore establishes that 



rip) > J> - - ^p-l) ) = * " 1)2 (' " i^^i 

>3(p-l)*(l-I 
= 3/i ! (l-i) +0(p), 

for any k \ gcd(d,p — 1). 

We are now ready for our application of the large sieve inequality in 
dimension three. Let z,Hi ^ 1. It easily follows from the arguments of [T] 
that 

jvtch) « n H^) +z2) ' (4) 

where 

For any k E N, let "Pfc denote the set of primes congruent to 1 modulo fc, 
and let be the non-negative multiplicative arithmetic function 



( , |M(n)|(3(l-i))^ 



n 



n 
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Then we have 

ew>E E w»)in(|0-l) +o (?)) >> E E »■ 

fc|d n^z p\n V ' fc|d n^z 

fc>l p\n^peV k k>l p\n^p£.V k 

> Y 9d ^- 

ra^z 

It will be convenient to set 7 := 3(1 — 1/d). Now it is easy to see that 

Y 9d ^ > (logEp, 

n^z 

and furthermore, 

Y 9d{n) < exp ( 2) < (logz) 7 ^^, 

n^z P^z ^* 

by Dirichlet's theorem on primes in arithmetic progression. Hence it follows 
that 

G(z)» Y 2dM » (logz) 7 ( Y 9d{n)) 1 »(logz)^*), 

n^z n^z 

in ([!]). On noting that ^/<p{d) = ip(d), this therefore completes the proof of 

3. A LIFTING ARGUMENT 

In this section we prove Theorem [2j which will be achieved via a simple 
lifting argument. As is well known, there exists a constant po = po(d) > d 
such that for primes p ^ po we will have p \ d, and furthermore, every 
congruence of the form 

hxf H h 6 3 xf = (mod p) 

will have a non-trivial solution when p \ 616263. Any such solution can be 
lifted to a non-trivial solution in Qp. For each prime p < po there exists a 
power of p, which we denote by q p £ N, and a residue class a p modulo g p , 
such that the congruence 

a±xf + • ■ ■ + 04X4 = (mod q p ) 

has a solution which can be lifted to a non-trivial solution in Qp, if 

a = 8l p (mod q p ). 

Let Q := Iljxpo ^ Chinese remainder theorem there exists a residue 
class c mod Q such that a = c mod Q implies that a = a p mod q p for p < pq. 
It follows that M d (H) ^ M%(H), where M%(H) denotes the number of 
a 6 Z 4 such that |aj| 77, with a = c mod Q, and furthermore, any p ^ po 
divides at most one of the coefficients aj. Assuming that po is taken to be 
sufficiently large we deduce that M%{H) ^> H 4 , which therefore concludes 
the proof of Theorem [2j 
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4. Geometry of numbers 

In establishing Theorem [3] we will need to establish the existence of a 
small number of lattices, each of reasonably large determinant, that can be 
used to cover the integer solutions to the equation in ([I]). This is provided 
by the following result. 

Lemma. Let d ^ 2 and let a £ Z 3 such that a := \a\a 2 a3\ ^ and 
gcd(aj,aj) = 1. Let x £ Z 3 &e a solution of (pQ). Then there exist lattices 
Ai,...,AjCZ 3 such that 

(i) J ^ 2(H a ), 

(ii) dimAj = 3 and det Aj 3> a 2//rf , /or each j ^ J, 

(iii) xgU^jAj. 

Proof. Let p | a, and write aj = v p (ai). Since the integers 01,02,03 are 
pairwise coprime, we may assume without loss of generality that ct\ = a.2 = 
and CK3 ^ 1. For any prime p let 5 = v p (d) be the p-adic order of d, and write 

fo + l, ifp>2oro = 0, 
7 '"jo + 2, if p = 2 and 5 ^ 1. 

Let x € Z 3 be such that ([I]) holds. We claim that there exist sublattices 
Mi, . . . , C Z 3 with K < 2'y~ s ~ 1 d, such that 

dimM fc = 3, det M k ^ p^~ 7+1 , 

for each k ^ K, and x G Ufc<x Mfc- The Chinese remainder theorem will 
then produce at most 2d U) ( a " > integer sublattices overall, each of dimension 3 
and determinant 

p|aia203 p\aia,2a,3 

This completes the proof of the lemma subject to the construction of the 
lattices Mi, ... , M^. 

Turning to the claim, let x E Z 3 be such that ([1]) holds. Let us write 
%i = P^x'ii for i = 1, 2, with p \ x[x 2 and £1 ^ say. Then we deduce that 

aw^x'i + a 2 p d ^x' 2 d = (mod p as ). 

There are now 3 possibilities to consider: either as ^ cZ£i, or d£i < ^ d^2, 
or d^2 < 013. The second case is plainly impossible. In the first case we may 
conclude that x belongs to the set of x £ Z 3 such that pl"" 3 /^ divides x% and 
X2- This defines an integer lattice of dimension 3 and determinant ^ p 2a 3/ d _ 
Thus we may take K = 1 in this case. 

Finally, in the third case, we must have £1 = £2 = £ ; say. But then it 
follows that 

oix'i d + a 2 x' 2 d = (mod p 03 ^). 
Suppose first that 03 — d£ < 7. Then we have 

p^^p^p^^p 2 ^ 1 . 
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Since x lies on the lattice of determinant p 2 ^ that is determined by the 
conditions p^ \ x\ and p^ \ x 2 , we may clearly take K = 1 in this case also. 
Suppose now that — d£ ^ 7. Then we have 

x d + a 2 a^ = (mod/ 3 ^), 

with 2, and where b denotes the multiplicative inverse of b modulo 

p(X3— <k "Wg now appeal to the well-known fact that for any b G Z coprime 
to p, and any k ^ 7, the number of solutions to the congruence 



.d 



X 



b (mod p k ) 



is either or s 1 gcd (d,p s (p — 1)) . This therefore ensures the existence 
of K ^ 2 7 ~ <5 ~ 1 <i integers Ai, . . . , \k such that 

a 1 X d k + a 2 = (modp a3 -^), 

for 1 ^ k ^ K. In particular, the point x € Z 3 in which we are interested 
must satisfy x\ = p^x[, x 2 = p^x' 2 and 

x'^Xkx'z (mod/ 3 ^), 

for some 1 ^ k ^ K. Assuming that d ^ 2, these conditions define a union 
of K lattices, each of dimension 3 and determinant p a 3+ 2 ^~ d ( J> p2« 3 /d_ This 
completes the proof of the claim. □ 

We are now ready to establish Theorem [3j Let a = \aia 2 as\. In view 
of the lemma, the points that we are interested in belong to a union of 
J ^ 2d w ^ lattices Ax, . . . , Aj C Z 3 , each of dimension 3 and determinant 
^> a?/ d . Let us consider the overall contribution from the vectors belonging 
to one such lattice Aj, say. We will work with a minimal basis b^ 2 ), b^ 3 ) 
for Aj, which satisfies the well-known bound (b^ 1 ) | |b( 2 ) | |b^ 3 ) | 3> c?l d , and 
furthermore, whenever x = ^ Ajb^ for Aj G Z, so it follows that 

l x l B 

Xl <<: W\ ^ W\ = 

say. Here |z| := maxj \zi\ for any z G M 3 . On carrying out this change of 
variables, (pQ) becomes Gj(Ai, A2, A3) = 0, with Gj a ternary form of degree d 
that is defined over Z. We are now interested in counting integer solutions to 
this equation with Aj <C fij. It follows from a simple application of Siegel's 
lemma that the number of such vectors is 

<<1+ ( |b(i)||b1 2 )||b( 3 )| ) l<<1 + a '^ 1 - 
On summing over the J lattices, this therefore establishes Theorem [3l 
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